This paper shows that in a standard model of tax competition, the Nash equilibrium in capital taxes depends on whether these taxes are unit (as assumed in the literature) or ad valorem (as in reality). In a symmetric version of the model, general results are established: taxes and public good provision are both higher, and residents in all countries are better off, when countries compete in unit taxes, as opposed to ad valorem taxes. However, the difference in equilibrium outcomes is negligible when the number of countries is large.
Introduction
There is now a substantial theoretical literature on tax competition, covering virtually every kind of tax where the tax base may possibly be mobile between jurisdictions 1 (capital income taxes, commodity taxes, corporate taxes, etc.). However, one aspect of tax competition that has received virtually no attention so far is whether it matters if the taxes are unit or ad valorem. Indeed, in the leading model of competition over taxes on capital, the ZodrowMieszkowski-Wilson (ZMW) model, it is always assumed 2 that the tax is levied per unit of capital (i.e. is a unit tax), whereas in reality, taxes are on capital income and are therefore always ad valorem (i.e. a proportion of income from capital).
It is the purpose of this paper to show that this unrealistic simplification is not without loss of generality. Specifically, we show, in the context of the ZMW model, that the Nash equilibrium in unit taxes is generally different from the Nash equilibrium in ad valorem taxes, in the sense that at the two equilibria, public good provision and private consumption are generally different. In particular, we establish the following quite general results. If countries are symmetric, and both private and public goods are normal, then (i) the symmetric Nash equilibrium in taxes exists and is unique in each case; and (ii) equilibrium taxes and public good provision are always lower when countries compete with ad valorem taxes. In other words, tax competition is more intense with ad valorem taxation. Moreover, under the same conditions, we also have a welfare result: residents in all countries are worse off when competition is in ad valorem taxes. Finally, we show that as the number of countries becomes large, the difference between the equilibrium taxes becomes negligible.
Perhaps one reason why these points have been missed in the literature is that in the original ZMW model, and many subsequent applications, the number of countries is assumed large enough so that each individual country takes the after-tax return on capital fixed when setting its own unit tax (the small open economy assumption). In this case, as our results indicate, assuming unit capital taxes is without loss of generality.
However, one of the lessons of game theory is that instruments that are equivalent for a single decision-maker, or for many small decision-makers, may not be equivalent when a few decision-makers interact.
3 Our results confirm that this kind of non-equivalence applies to unit and ad valorem taxes in a tax competition setting. Indeed, this is not the first paper to note this kind of non-equivalence in a public finance setting. For example, Wildasin (1988 Wildasin ( , 1991 shows, also in the context of the ZMW model, that under certain conditions, taxes are lower when jurisdictions compete in expenditures than when they compete in taxes.
4 So, our results can be interpreted as extending and refining his basic insight. Our results also relate to a literature comparing unit and ad valorem indirect taxes set by a single government, with imperfect competition in the product market; this literature is discussed in more detail in Section 3.
The difference in Nash equilibrium outcomes with unit and ad valorem taxation can be explained as follows. First, in symmetric equilibrium, the tax in any country is determined by the condition that the marginal rate of substitution in consumption between the public and the private good is equal to the marginal cost of public funds, (MCPF), setting the resource cost of the public good equal to one for convenience. In the case where all countries set unit taxes, the MCPF takes a very simple form; it is the reciprocal of one plus the elasticity of the tax base (the capital stock) with respect to the "home" country's tax i.e. 1/(1 + ε u ). In the ad valorem case, it is shown below that the MCPF can be written 1/(1 + ε u,a ), where ε u,a < 0 is the elasticity of any country's capital stock with respect to its own tax when that country chooses a unit tax and all other countries choose an ad valorem tax. The rationale for writing the MCPF in this way is that it allows easy comparison of the two cases, and it is legitimate to do this as any particular country's choice between unit and ad valorem taxes as control variables is a matter of indifference for that country-for any ad valorem rate, it can find an equivalent unit rate, and visa versa. The main result of this paper is that ε u,a is greater in absolute value than ε u , implying in turn that the MCPF is higher with ad valorem taxation, and so public good provision is lower.
The intuition for this is the following. Assume two countries for simplicity, and consider an initial equilibrium where both countries set unit taxes T u . A small increase in expenditure on the public good-and thus increase in tax-by country 1 will cause a given capital outflow of size from country 1, and thus an increase in the capital stock employed in country 2, before equilibrium in the capital market is restored, assuming that country 2 maintains its unit tax at T u . This capital outflow is measured by ε u . Now suppose country 2 switches to an ad valorem tax that is equivalent to the equilibrium unit tax i.e. raises the same revenue at the initial equilibrium . Consider the same small increase in expenditure on the public good, and thus increase in tax, by country 1. As the ad valorem tax in country 2 is now fixed, any outflow of capital from country 1 will now lower the effective unit tax in country 2, because the latter is the fixed ad valorem tax times the marginal product of capital in that country, and the latter falls with an inflow of capital to country 2. So, following the initial capital outflow , the effective unit tax on capital in country 2 is now lower than in the case where country 2 sets a unit tax. Thus the outflow of capital from country 1 is no longer sufficient to restore equilibrium to the capital market, as the net return to investing in country 2 is now higher than in the unit case. An additional outflow from country 1 is required. This additional outflow is the reason that ε u,a is greater in absolute value than ε u . The remainder of the paper is organized as follows. Section 2 sets out the model, Section 3 states and proves the main results, and Section 4 concludes.
The Model
We consider a symmetric version of the ZMW model. Each country i = 1, ..n is populated by L i identical residents each of whom supplies one unit of labour, and owns K units of capital. Capital is mobile between countries, while labour is not. In both countries competitive firms combine capital and labour to produce output. Output in country i is
, where L i , K i are the amounts of labour and capital employed in that country, where F has the usual properties: it has constant returns to scale, and is concave and twice differentiable. We can therefore write the production function for any country in intensive form as f (k i ), where
We assume that all countries are the same size i.e.
Finally, let T i be a unit tax on the number of units of capital employed in country i, and let t i be an ad valorem tax on the income from capital employed in country i. By definition, both kinds of taxes are source-based.
Given taxes, capital market equilibrium in the model is described as follows. Since capital is mobile, the post-tax rate of return, r, for the investor in any country i = 1, ..n must be the same whether taxes are unit or ad valorem i.e.
These conditions give the demand for capital in any country i in the unit and ad valorem cases as
, where φ is the inverse of f . Equilibrium on the capital market requires world supply, nk, equals world demand i.e.,
So, (2.3) determines r as a function of the n tax rates in the unit and ad valorem cases. Each of the residents of country i has a utility function u(c i , g i ) defined over private consumption c i ∈ + and consumption of a public good g i ∈ + , where u is strictly increasing in both arguments, strictly quasi-concave, and twice continuously differentiable with derivatives denoted by u c , u g . Private consumption is equal to the sum of income from labour and from capital:
where f (k i ) − f (k i )k i is the income from the fixed factor, labour. Following the standard exposition of the ZMW model (e.g. Wilson, 1999) we assume that the public good is financed entirely from the tax on capital. Also, we assume w.l.o.g. that production of one unit of the public good requires one unit of the private good. So, the government budget constraint is
Finally, welfare of the typical resident in country i, conditional just on T i or t i , and k i can be written by substituting (2.4), (2.5) into u(c i , g i ), and using (2.1), (2.2), to get:
This completes the description of the model.
Competition in Unit and Ad Valorem Taxes
First, consider competition in unit taxes. We will make the standard assumption that governments are welfare-maximising (it is simple to show that our results extend to the case where governments maximise tax revenue). The government in country i chooses T i to maximise u(k i , r, T i ) taking T j , j = i as fixed, but taking into account the dependence of k i and r on T i though capital market equilibrium conditions (2.1)-(2.3). We impose the restriction that 0 ≤ T i ≤ f (k); the upper bound on T ensures that in symmetric equilibrium, r is non-negative, and the lower bound is required as public good supply is non-negative. Assuming an interior solution, 5 the first-order condition for this choice of T i is:
These three effects are familiar. An increase in T i transfers consumption from the private to the public good (term 1), induces a capital outflow (term 2), and causes a change in the world price of capital, r (term 3, the "terms of trade" effect). Now we evaluate (3.1) at a symmetric equilibrium where
So, the terms of trade effect vanishes, and also f (k i ) − T i − r = 0 from (2.1), an envelope result. So, from (3.1), after simple rearrangement, we have:
where it is understood that u g , u c are evaluated
. This is of course, a modified Samuelson condition: the marginal rate of substitution between the private and the public good, u g /u c , is equal to the marginal rate of transformation, (set to unity by assumption), times the marginal cost of public funds (MCPF). Note that ε u is the elasticity of the tax base in the unit case. From (2.3) and (2.1) we have, 6 at a symmetric equilibrium:
So, the MCPF is greater than unity as long as T u > 0, as f < 0. Next, consider competition in ad valorem taxes. The government in country i chooses t i to maximise u(k i , r, t i ) taking t j , j = i as fixed, but taking into account the dependence of r and k i on t i though capital market equilibrium conditions (2.2), (2.3). We impose the restriction 7 that 0 ≤ t i ≤ 1. Assuming an interior solution, 8 from (2.6), the first-order condition for this choice of t i is:
Again, the three terms in (3.4) have the same general interpretation as in the unit case. Next, we evaluate (3.4) at a symmetric equilibrium where t i = t a , k i = k, i = 1, ..n. So, the terms of trade effect vanishes, and also f (k i )(1 − t i ) − r = 0 from (2.1), an envelope result. Rearranging, this yields a modified Samuelson rule:
where the right-hand side is the MCPF with ad valorem taxes, η is the elasticity of the capital stock with respect to the ad valorem tax, and θ is the elasticity of the marginal product of capital. At first sight, 9 formula (3.5) for the MCPF seems complicated. However, it is possible to give a very simple interpretation to the formula, using the following argument. Although a single country-say i-cares about whether its rivals use ad valorem or unit tax rates, its own choice between these instruments as control variables is a matter of indifference: for any ad valorem rate, it can find an equivalent unit rate, and visa versa. Thus, it must be the case that the MCPF with ad valorem taxes (3.5) is unchanged if country i chooses a unit tax when all other countries choose ad valorem taxes.
Define T i = t i f (k i ) to be the equivalent unit tax rate for i. The base of this tax is just k i , so the elasticity of country i's tax base when i chooses T i and all other countries choose ad valorem taxes is therefore
where the notation ε u,a indicates that the "home" country i is choosing a unit tax, and all other countries are choosing an ad valorem tax.
So, we see from (3.5), (3.6) that the MCPF in the ad valorem case is simply
( 3.7) i.e. the reciprocal of one plus the elasticity of the tax base, appropriately defined. Using (3.7) we may therefore write the modified Samuelson rule (3.5) in the usual form
Comparison of (3.2) and (3.8) is then straightforward. If the "home" country's tax instrument is a unit one, and all other countries switch from unit to ad valorem, the marginal cost of public funds and public good supply changes because the tax base elasticity changes from ε u to ε u,a . Inspection of (3.2) and (3.8) does not immediately reveal whether (at symmetric equilibrium) ε u,a is greater or less than ε u . However, as the following Proposition indicates, we can show quite generally that ε u,a is greater in absolute value than ε u , implying a higher MCPF, and thus lower taxation and public good provision, in the ad valorem case. The intuition for this result has already been given in the last paragraph of the introduction.
The first step is to ensure that symmetric equilibrium taxes exist and are unique in each case. Equations (3.2) and (3.5) implicitly define the symmetric equilibrium taxes T u and t a respectively, and so it is sufficient to prove that each of these equations has a unique solution. In the Appendix, it is shown that the following condition is sufficient for a unique interior solutions T u ∈ (0, f (k)) and t a ∈ (0, 1) to (3.2) and (3.5) respectively:
(E) Both c and g are normal goods, and
The first (second) limit condition on the marginal rate of substitution between public and private goods simply says that if capital is taxed at the minimum (maximum) rate, the marginal rate of substitution in consumption is above (below) unity.
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Now define the ad valorem equivalent to the equilibrium unit tax as t u = T u / f (k). Then, by inspection of the budget constraints (2.5), it is clear that if t u > t a (resp. t u < t a ) then public good provision will be higher (lower) with unit taxes than with ad valorem taxes. We can now state our main result: Proposition 1. Assume that condition (E) holds. Then t u > t a , so public good provision will be higher with unit taxes than with ad valorem taxes. However, as the number of countries becomes large, (n → ∞), the difference between the two levels of tax and public good provision becomes small (t u −→ t a ).
Proof: First, from (2.3) and (2.2) we see that for any equal ad valorem taxes t i = t:
Next, note from (3.5) and (3.9) that for any equal ad valorem taxes t i = t, the ad valorem MCPF is
Also, from (3.2) and (3.3), for any equal unit taxes T i = T, the unit MCPF at the ad valorem
Next, in the Appendix, it is shown that t a ∈ (0,t a ), t u ∈ (0,t u ), where t u = T u / f (k) is the ad valorem equivalent of the equilibrium unit tax, andt 
But then, by (3.2) and (3.5),
where
As shown in the Appendix, given condition (E),
The last part of the proposition follows directly from taking the limit as n −→ ∞ in (3.10) and (3.11), noting that the MCPF with ad valorem taxation converges to the MCPF with unit taxation at any fixed t. Proof: From the definition of u in (2.6) and (2.7) plus the budget constraint (2.5), we see that at the symmetric Nash equilibrium in taxes, the payoff to any agent is
is a concave function of g with a maximum at g * , the first-best level of the public good. As the MCPF with unit taxation is greater than unity,
Given the results on tax levels, the intuition for Proposition 2 is straightforward. It is already well-known that public good provision is inefficiently low in competition with unit taxes (e.g. Wilson, 1999) . As competition in ad valorem taxes drives taxes (and thus public good provision) even lower, country welfare must fall in symmetric equilibrium. Of course, Proposition 1 implies that if the number of countries is large, the welfare gain from switching to unit taxation will be small. This welfare result is of course, opposite to that found in the literature which studies unit and ad valorem taxes in a single tax jurisdiction with imperfect product market competition. In that setting, under quite general conditions, a revenue-neutral switch from unit to ad valorem taxation causes firms to produce more and thus raises welfare (Wicksell, 1896; Suits and Musgrave, 1953; Delipalla and Keen, 1992; Anderson, de Palma, and Kreider, 2001a, b) . Such a switch may even be Pareto-improving i.e. raise both consumer surplus, and profit simultaneously (Skeath and Trandel, 1994; Anderson, de Palma, and Kreider, 2001a, b) . The reason for the difference is just that very different effects are at work: in the literature just cited, a switch to ad valorem taxation effectively increases the elasticity of the demand schedule facing the firm, and thus allows the government to extract a given amount of revenue at a lower consumer price. The mechanism at work in our model is by contrast, the change in the elasticity of the tax base.
Related Literature and Conclusions
We have shown in this paper that in tax competition, it matters whether taxes on capital income are unit or ad valorem: in the latter case, taxes, public good provision and welfare are all lower than they are with unit taxes. This raises the issue of why we do not observe unit taxes on capital in practice. The answer is that they are most probably infeasible. The heterogeneity of machinery, for example, would make such a tax difficult to implement.
The other question that is prompted by the above analysis is whether any of the results in the existing tax competition literature depend qualitatively on the usual assumption of unit taxes. Our results already indicate that the basic qualitative result of the literature, that equilibrium taxes are too low, is unaffected by the alterative assumption of ad valorem taxes. However, as is clear e.g. from the comprehensive survey of Wilson (1999) , many of the interesting results in the tax competition literature are generated by allowing asymmetry between countries: for example, the conclusion of Bucovetsky (1991) , and Wilson (1991) , that small countries may be better off with tax competition than without. To test the robustness of such results to the use of ad valorem taxes, one would have to solve for the asymmetric ad valorem taxes: given the additional complexity of dealing with ad valorem taxes even in the symmetric case, this is really beyond the scope of the current paper.
Finally, we briefly mention related work. The papers of Wildasin (1988 Wildasin ( , 1991 , and the literature on unit vs. ad valorem commodity taxes in a closed economy with imperfect competition have already been discussed. An additional closely related paper is Lockwood and Wong (2000) , where it is shown that unit and ad valorem tariffs give rise to different tariff equilibria in a simple model of international trade. However, there it is shown, at least for the case of symmetric countries, that ad valorem tariffs lead to less trade distortion in Nash equilibrium and thus make both countries better off. So, when considering tax or tariff competition there are clearly no general results on the relative merits of specific and ad valorem taxes.
